
  

 

Abstract—This paper applies a mathematical model for 

dealing with staffing levels in organisations. The model in the 

present study is the deterministic reneging queuing model 

(M/M/c–D) where customers lose patience after a deterministic 

time and leave the queue without being served. Inter–arrival 

times of customers and service times follow exponential 

distributions. Staff in an organisation here are treated as 

‘servers’, while incoming work is considered as ‘customers’ of 

the system. Staffing levels are examined from an output or 

production orientation in situations where a moderate number 

of workers function as a pool of staff that performs similar 

operations. Experiments on different staff sizes were conducted 

to confirm the validity of the model. Both the experimental 

results and the models indicate that there is an optimum level of 

staff which maximises the ‘profit’ of an organisation. The paper 

provides a practical tool for managers in identifying staffing 

size for his or her crew. However, the research is limited to the 

cases where the inter–arrival time of customers and the service 

time follow exponential distributions, and the maximum 

acceptable waiting time of customers is deterministic. 

 

Index Terms—Human resource management, overstaffing, 

queuing model, reneging, understaffing 

 

I. INTRODUCTION 

Workforce sizes have different effects on performance of 

an organisation.  However, the literature has not reached an 

agreement on the relationship between staff levels and 

organisation performance.  Researchers have approached the 

issue in both qualitative and quantitative methods and come 

up with different results.  Some scholars conclude that 

moderate understaffing has positive effects on outcomes, 

while others prove that slight overstaffing performs better.  

They all agree that, however, both great overstaffing and 

extreme understaffing conditions have negative effects on 

organisation performance. 

The present study aims to investigate the staff – 

performance relationship in organisations by conducting 

experiments on different work group sizes to see the effect on 

output. The results are then compared with the deterministic 

reneging queuing model (M/M/c–D).  Both the experiments 

and the model indicate that there is an optimum staffing size 

that maximises the ‘profit’ of an organisation. 

The paper is organised as follows. Section 2 gives some 

background of the research including a review of staffing 

issues and performance in organisations as well as an 

introduction of queuing theory.  In Section 3, lists the basic 
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concepts and equations necessary to evaluate organisation 

performance through the M/M/c–D model.  The experiment 

is presented in Section 4, while Section 5 gives the 

comparison between the experimental results and the theory.  

In Section 6, optimisation is examined.  Conclusions are 

given in Section 7. 

 

II. BACKGROUND 

A. Staffing Issues and Performance in Organisations 

The choice of staffing level in organisations has occupied 

the minds of researchers for a long time. However, there is 

still debate over the effect of overstaffing and understaffing 

on organisation performance.  On one hand, some people 

advocate a moderate level of understaffing, arguing that this 

leads to increased organisation output per head [1]–[5].  On 

the other hand, there is a number of researchers that argue 

that slight overstaffing leads to improved organisation 

outcomes [6]–[10]. 

Proponents of understaffing argue that workers are likely 

to work more efficiently [1] and experience higher 

motivation [3]–[5]; hence they produce more in a slight 

understaffing condition.  In understaffed groups, Barker and 

Gump [1] point out that each person engages in a wider 

variety of tasks, expends greater effort to achieve 

organisation goals and takes on more responsibility.  Oxley 

and Barrera [2] and Greenberg [3] suggest that worker 

motivation may be improved with slight understaffing.  

Echoing this point, Bechtel [4] and Vecchio and Sussmann [5] 

conduct empirical studies and show that employee levels and 

worker motivation have a curvilinear relationship. Their 

studies conclude that moderate understaffing and worker 

satisfaction are related. 

Supporters of overstaffing emphasise that extra staff can 

be used to support an organisation in absorbing any 

environmental turbulence [6], [7], facilitate organisation 

strategic directions [11], and enhance organisation 

performance [12].  The existence of extra staff in an 

organisation allows the organisation to experience new 

postures in relation to a changing environment. Hence the 

organisation is more likely to support special projects [6].  

Cheng and Kesner [7] state that organisations with additional 

staff are more likely to respond aggressively to shifting 

environmental demands.  Having human resource slack in an 

organisation is argued to enable creative behaviour and 

experimentation with new strategies, such as introducing new 

products or entering new markets [11].  Knight [13] supports 

this point and shows that new processes, new products, and 

new ideas follow when adding staff to an organisation.  

Researchers acknowledge that increasing staff levels for an 

organisation means more cost. Hence they suggest that an 
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organisation should not overstaff greatly [6], [9], [10].  

George [10] and Tan [9] conduct studies and confirm the 

existence of an optimal level of human resource slack in an 

organisation.  In summary, additional staff can be a source of 

competitive advantage, but too many additional staff may 

reduce organisation performance [9]. 

 

 

Fig. 1. A queuing system 

Criteria for measuring organisation performance are 

various.  Different types of organisations and/or different 

managers have different requirements for performance.  A 

company may focus on business performance such as gaining 

profit, extending markets, inventing new products; a 

government agency may concentrate on satisfying customers; 

or a rescue team may direct attention to short response times 

for saving lives are some examples of different aspects of 

organisation performance [14], [15]. 

It is hypothesized in this study that overstaffing leads to 

improved organisation performance compared to 

understaffing.  The research looks at slight overstaffing and 

moderate understaffing levels only since other conditions, 

great overstaffing and extreme understaffing, are proven to 

destroy performance of an organisation [5], [9], [10].  The 

present work investigates the performance of different sized 

groups according to two criteria: the probability of service 

and the ‘profit’ of the groups.  The ‘profit’ here is defined as 

the difference between outputs and inputs of an organisation.  

Extra staff in the study is seen as redundant staff in the 

reliability sense, not the sacking/hiring sense.   

B. Benefits and Costs Associated with Overstaffing 

Having extra staff also means having extra benefits as well 

as extra costs associated with that workforce for an 

organisation.  Such benefits and costs are in both tangible and 

intangible forms.  Some of these benefits/costs are listed as 

follows. 

Benefits: 

1) Extra staff creates extra products for an organisation 

2) Excess staff helps to buffer an organisation from 

environmental shocks and gives them freedom in 

responding to competitors strategies.  As a result, extra 

personnel acts as a resource cushion that stabilises the 

organisation’s operations [10]. 

3) Using extra staff may provide an organisation with a 

competitive advantage because it is difficult for 

competitors to obtain the same resource configurations 

and copy the organisation’s strategy [16]. 

Costs 

1) Extra staff means extra costs, including payroll costs and 

administration costs [17]. 

2) Employees tend to have less contribution to their group 

performance [18]. 

C. Queuing Models 

A queuing system can be described as customers arriving 

for a service, waiting for service if not immediately served, 

and leaving the system after being served.  Fig. 1 illustrates a 

queuing system with a single queue and multiple servers.  

The term customer is used in general sense and does not 

necessarily imply a human customer or that the operation is a 

purchase. 

When observing a queuing system, the following 

parameters need to be considered [19], [20]. 

1) Arrival pattern of customers: the average rate of 

customers entering the queuing system λ (and hence the 

inter–arrival time tα = 1/λ) and, if available, its statistical 

distribution 

2) Service time: the average time that a server processes a 

request ts = 1/µ (and hence µ is the service rate) and, if 

available, its statistical distribution. 

3) Queuing capacity: finite or infinite. 

4) Queuing disciplines: first in first out (FIFO), last in first 

out (LIFO), service in random order (SIRO), etc. 

When describing a queuing model, part or all of the form 

[(a/b/c):(d/e/f)] is used, where a is the inter–arrival time 

distribution, b is the service time distribution, c is number of 

parallel servers, d is the service discipline, e is the maximum 

number of customers allowed in the system, and f is the input 

source. 

The symbols a and b may be M (Markovian distribution), 

D (deterministic distribution), El (Erlang distribution with 

parameter l, l = 1, 2 …), G (general distribution). The symbol 

d may be FIFO, LIFO or SIRO; and symbols c, e, and f are 

either a finite number of infinite.  When (d/e/f) is omitted, the 

default meaning is taken as (FIFO/∞/∞). 

When a customer arrives at a system it enters the queue 

and waits until it is served.  Alternatively the customer may 

decide not to join the queue if it is too long. Also, a customer 

may decide to leave the queue before being served because it 

will only tolerate a limited waiting time. Avoiding a system 

because of a long queue is called balking. Losing patience 

and leaving the queue before being served is called reneging. 

Leaving after service begins, but before it finishes, is called 

interruption. 

The most common stochastic queuing models assume that 

the inter–arrival time and service time follow the exponential 

distribution or, equivalently, that the arrival rate and service 

rate obeys a Poison distribution [20].  

Queuing models are applied widely in human 

organisations.  M/M/c, M/M/c/K, M/G/1, G/G/c, for example, 

are used in setting up staffing size of a call centre or 

identifying the number of beds required for a hospital [15], 

[21].  These models assume that customers do not leave the 

system until service is finished. 

Queuing models for different behaviours of customers also 

have been developed and applied widely. Boots and Tijms 

[22], for example, prove an application of an M/M/c model 

for systems with impatient customers.  Barrer [23] and 

Bocquet [24] suggest the use of an M/M/c queue with 

impatient customers to model the military situations of 

selecting the number of artillery pieces for a battle and the 

number of surface to air missiles required to protect an 
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airfield.  Haight [25] and Rao [26] introduce models that 

combine reneging, balking and interruption. 

When applying a queuing model to a given system, the 

following information needs to be paid attention to [19]: 

1) Waiting time for customers in the queue and in the 

system 

2) Queue length and number of customers in the system 

3) Server idle time 

4) Number of idle servers 

5) Output of the operation 

 

III. MODELLING 

Reneging queuing models are used in evaluating systems 

with impatient customers [23], [24], [27].  This paper applies 

the M/M/c–D reneging queuing model, where customers lose 

patience after a deterministic time τ, and leave the queue 

without being served [28].  Such customers are lost to the 

system. 

Assumptions: 

1) The system is a single queue and multiple servers (as in 

Fig. 1). 

2) Servers are independent of each other. 

3) There is no limit in waiting room for incoming 

customers. 

4) There is only one customer arriving at the system at a 

time. 

5) A server can serve only maximum one customer at a 

time. 

6) Once a customer enters a server for being served, the 

customer does not leave the system until the service is 

finished. 

7) The inter–arrival time and the service time follow 

exponential distribution. 

Symbols used in following are: 

1) 1/λ  average inter–arrival time of customers; λ is the 

average arrival rate. 

2) 1/μ  average service time per customer; μ is the 

average service rate. 

3) ρ  servicing factor; ρ= λ/μ. 

4) c   number of servers. 

5) τ   maximum time between arrival and start of 

service that a customer will wait before reneging. 

6) P0  probability that there are zero customers in the 

system at a particular time. 

7) PL  probability that a customer will not be offered 

service before time τ and hence renege. 

8) PS  probability of service; PS=1– PL 

9) Θ  system output (customers per unit time). 

10) Bp  benefit to the organisation of serving one customer 

11) Cw  cost of one worker 

12) Nw  number of workers 

13) F  'profit' 

Several parameters may be considered when measuring 

system performance: probability of no customers in the 

system P0; probability of losing a customer PL; probability of 

service PS; output of the system Θ [24], [27].  The relevant 

formulae for these follow. 

1) The probability of no customers in the system, P0, is 

obtained from [23] 
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2) The probability of losing customers after time τ [23], 

[24] 
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3) The probability of service 

PS = 1 – PL          (3) 

4) The output of the system 

 Θ   λPS           (4) 

5) Organisation 'profit' is considered to be made up of two 

components, namely cost associated with the workers 

and benefit associated with the output [19].   

F = BpΘ + CwNw        (5) 

 

 
 

Given Bp, Θ, and Cw, the optimisation problem becomes 

one of finding the number of workers Nw that maximises the 

'profit' F. 

 

IV. EXPERIMENTS 

A. Experimental Design 

Experiments were conducted on work groups where 

Fig. 3. Probabilities of service in of experimental groups (for the cases 

where interarrival times follwed exponential distribution). 

Fig. 2. Hourly outputs of experimental groups (for the cases where 

interarrival times follwed exponential distribution). 
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workers independently disassembled electronic components 

from circuit boards.  The number of workers in experimental 

groups ranged from 8 to 12. 

Inter–arrival times of incoming work were regulated to 

follow an exponential probability distribution, so as to 

simulate variable work input.  Only one piece of work arrived 

at a time.  Each piece of arriving work was served by a single 

randomly selected worker.  In the case that all workers were 

busy at the time that work arrived three different scenarios 

were tested. In the first experiment the work left the system 

immediately. In the second experiment it waited to be served 

for up to 1 second before leaving. In the third experiment it 

waited for up to 2 seconds before leaving.  Work leaving was 

regarded as lost work. 

B. Data Collection and Data Validation 

Data collected from the experiments included arrival times, 

waiting times (if applicable), proposed starting times of 

service, real starting times of service, service times, and 

finishing times of service.  In the experiments for 8–, 9– and 

10–worker groups, the experiments stopped when the 

number of lost customers reached 100. The 11– and 

12–worker group experiments stopped when this number 

reached 25.  After being stopped, the experiments restarted 

from scratch. 

C. Results and Analysis 

The average inter–arrival time (1/λ) and the average 

service time (1/µ) respectively in the three experiments were 

(in seconds): 5.04, 26.92; 5.07, 27.71; and 5.12, 28.08.  As a 

result the servicing factors, ρ=λ/μ, are respectively for the 

three experiments: 5.34; 5.47; 5.48.  This indicates that the 

optimum number of workers would be 5 or 6 if there was no 

variability in work input. 

The experimental results illustrate what might be 

anticipated, namely that the probability of service and the 

output increase when the number of workers increases. 

Adding an extra worker to a smaller group has a bigger effect 

than adding an extra worker to an already large group.  For 

example, in the third experiment when the group was 

enlarged from 8 to 9 workers, the probability of service 

increased by nearly 6% and the output increased by more 

than 50 per hour.  However, when the number of workers 

changed from 10 to 11, the increase in probability of service 

was approximately 2% and the output increased by about 10 

per hour. The probability of service and hourly output are 

plotted in Fig. 3 and Fig. 2 respectively as follows. 

 

V. COMPARISON OF THE EXPERIMENT AND THE MODEL 

Given the arrival rate of work λ and the service rate µ, (1) 

to (4) can be used to calculate P0, PL, PS, and Θ.  Fig.  4 and 

Fig.  5 show the comparison between the experimental results 

and the queuing model results for PS and Θ for the τ = 1 

second experiment.  The results from the other experiments 

show similar trends. 

Correlation coefficients were used to measure how well 

the queuing model fits the experimental results for both the 

probability of service and hourly output.  Statistical tests for 

all three experiments produced correlation coefficients in the 

range 0.91 to 0.997. The p–values were all less than 3% for 

both parameters implying good agreement with the 

experimental results at the 95% confidence level. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

VI. OPTIMISING STAFFING LEVEL 

When adding workers to a group, the probability of service 

and the output of the group increase.  However, the cost of 

adding workers may be in excess of the benefits that the 

additional workers bring to the organisation.  The 

optimisation study in this section aims at finding the number 

of workers in a group that bring the maximum 'profit' to the 

group. 

The output Θ can be calculated from (4), while Bp and Cw 

can be estimated from the market.  Fig.  4 presents results 

where the number of workers in the groups range from 1 to 20, 

λ = 0.1972, μ = 0.0361, τ = 1, Bp= $0.8 and Cw= –$25 (the 

negative sign here indicates that the group needs to outlay 

money to hire workers).  λ, μ and τ are the same values as 

were used in the second experiment above. Cw was assessed 

from the labour market for appropriate semi–skilled workers. 

Bp was estimated as the average price of the electrical 

components on the second hand market.  Figure 5 confirms 

that there is a size for which the group gains the maximum 

benefit and beyond that point, the 'profit' will decrease.  In 

this case the optimum number of workers is 8. This is quite 

different to the value of 5 or 6 that would be derived from the 

servicing factor, as discussed in Section 4c, for the case of no 

variability in work input. 

 

 

 

 

 

 Fig. 6. 'Profit' of groups using base case values 

Fig.  5. Comparing hourly output between the experiment and the 

model for groups in the τ = 1 second and interarrival times followed 

exponential distribution experiment.  Error bars refer to experimental 

results. 

Fig.  4. Comparing probability of service between the 

experiment and the model for groups in the τ = 1 second and 

interarrival times followed exponential distribution experiment.  

Error bars refer to experimental results. 
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A sensitivity analysis was carried out by varying each of 

the variables λ, μ, τ, Bp and Cw separately to observe the effect 

on the optimum number of workers.  The example in the 

previous paragraph is used as the base case.  Fig. 7 shows, for 

example, the effect of doubling λ.  In this case the optimum 

number of workers increases from 8 to 15 and the maximum 

'profit' correspondingly nearly doubles. 

Fig. 8 shows the sensitivity diagram relating the five 

variables to the optimum number of workers. The optimum 

number of workers is most sensitive to λ and least easing λ or 

Bp, or by decreasing μ or Cw. However, it is unaffected by 

changing τ. 

 

 

 

 

 

 

 

VII. FINDINGS AND CONCLUSIONS 

The study shows that the M/M/c–D model can be used to 

describe the probability of service and output of working 

groups when two conditions occur simultaneously. Firstly, 

the arrival rate of work obeys an exponential distribution. 

Secondly, the maximum time that a customer will wait 

between arrival and start of service before reneging is a fixed 

value.  The model may be used to optimise the staffing levels 

of work groups. 

Results from the research also point out that a group should 

not be greatly overstaffed.  Increasing the number of workers 

creates more output and hence brings more benefits for the 

organisation. However, the cost of additional workers is 

constant, while the benefits that each worker brings decreases 

as the number of workers increases.  An optimisation study is 

recommended for establishing the appropriate number of 

employees in an organisation.  
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Fig. 8. Sensityvity diagram. 

Fig. 7. Sensitivity of 'profit' of groups to doubling λ. 

International Journal of Social Science and Humanity, Vol. 1, No. 4, November 2011

293


	53-H066

